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ABSTRACT

The two perspectives of autonomous driving and new active safety in vehicles are complementary, and both hold
promise to reduce the number of accidents and associated severe or fatal injuries. They both coincide in the
recent interest in finding alternatives to traditional yaw-control systems that can utilize the full potential of the
vehicle. By considering the control problem as that of lane-keeping, also at high speed and at-the-limit of tire
friction, rather than that of yaw control, leads to the possibility of optimization-based active-braking systems with
better performance than those existing today. Here, we investigate the optimal braking patterns in completely
autonomous lane-keeping maneuvers resulting from a formulation where the optimization criterion used is an
interpolation between the initial and final velocities of the maneuver. Varying the interpolation parameter, i.e., the
relative weight between the initial and final velocity, results in different vehicle behavior. The analysis of these
behaviors provides several new insights into stabilizing braking patterns for vehicles in at-the-limit maneuvers.
Specifically, it is to be noted that the benefits of a lane-keeping strategy are immediate, both in terms of the
maximum possible initial velocity and the velocity reduction. The formulation embeds the traditional yaw control
and optimal lane-keeping as the end-point values of the interpolation parameter, and adds a continuous family of
behaviors in between. This gives a new perspective for investigating the relation between traditional yaw control
and optimal lane-keeping for autonomous vehicles.
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1 INTRODUCTION

Active-safety and driver-assistance systems are funda-
mental components in modern passenger cars as well as
trucks. Common examples include the anti-lock brak-
ing system (ABS) and the electronic stability control
(ESC) systems [1]. The latter could be achieved by
yaw control of the vehicle, i.e., by inducing appropri-
ate braking on the wheels in order to try to stay on the
road when vehicle maneuverability is lost. An illustra-
tive situation in which maneuverability may be lost and
ESC systems are of importance is when entering a turn
with a velocity that is too high for the driver to maintain
controllability as a result of the maximum tire forces
that can be developed.

There is now a strong trend toward autonomous driv-
ing, and on the path to full autonomy of the vehicle par-
tial autonomous functions or active-safety systems are
included in the vehicle so as to reduce the number of
accidents and associated severe or fatal injuries. Re-
cently, there has been an increased interest in finding
alternatives to traditional yaw-control systems that can
utilize the full potential of the vehicle, and in particular
the available tire forces, in critical situations where the
vehicle should perform at the limit. By considering the
control problem as that of lane-keeping rather than that
of yaw control, several interesting perspectives open
up. More specifically, utilizing the increasingly power-
ful onboard sensor and computation systems in the car,
information about the road and traffic ahead could be
extracted and used for keeping the vehicle on the road.
Ultimately, this would then enable optimization-based
active-safety systems executing online in the vehicle.

In [2], we started an analysis of the possible bene-
fits of increased situation awareness and autonomous
optimization-based stability control systems for vehi-
cles. In that paper, the focus was to quantify the max-
imum initial velocity that could be handled in a left-
hand turn, both with optimal active yaw-control systems
and an optimal lane-keeping controller (both includ-
ing optimal steering angles, assuming complete auton-
omy without human intervention). The evaluation was
performed using several different situations, which dif-
fered in terms of turn geometry and road conditions. In
[3], different actuator configurations of a vehicle were
examined by quantifying the maximum initial velocity
that could be handled, using similar scenarios as those
considered in this paper. In [4], a comparison of the
optimal maneuvers in a turn with the criteria of min-
imum time and maximum exit velocity, respectively,
was presented using an optimal-control approach. Re-
lated research was also presented in [5], where a sim-
ilar critical maneuvering situation in a turn was inves-
tigated and a control law referred to as the parabolic
path reference strategy was proposed and shown to re-
sult in good performance when evaluated in a semi-
autonomous scenario employing a double-track vehicle

model compared to conventional yaw control. Thus, the
interest in and potential of lane-keeping stability control
is high.

In this paper, we present an analysis that extends the
results in [2] and is complementary to [5]. We inves-
tigate the optimal braking patterns in completely au-
tonomous lane-keeping maneuvers in several relevant
scenarios. More specifically, the optimal braking and
steering maneuvers in a left-hand turn, a double lane-
change scenario, and an avoidance-maneuver situation
are computed and analyzed in the light of future au-
tonomous safety systems. Several interesting common
behavior is observed for the maneuvers in the different
situations when studying the optimal solutions in de-
tail, which holds promise for the future practical appli-
cability of the presented results. This analysis, with the
perspective of lane keeping, turns out to, with a simple
parameterization of the cost function as a linear combi-
nation of the initial and final velocities, provide several
new insights into the relation between different braking
patterns for vehicles in at-the-limit maneuvers.

2 MODELING

The vehicle model is based on a double-track chassis
model with both longitudinal and lateral load transfer
according to [6] and a nonlinear tire-force model us-
ing the Pacejka’s Magic Formula with weighting func-
tions for modeling the forces under combined longitu-
dinal and lateral wheel slip [7]. As a particular feature,
wheel dynamics is included in the model and the inputs
are therefore considered as the wheel torques directly
in favor of the longitudinal tire forces. This has been
found advantageous [8], since this is the quantity that
could be controlled in a physical vehicle. The complete
model of the dynamic system can be written with the
following 23 states x and 5 inputs u:

x =



[Xp,Yp,ψ]T

[vx,vy,r]T

[φ , φ̇ ,θ , θ̇ ]T

δ

[T1,T2,T3,T4]
T

[α1,α2,α3,α4]
T

[ω1,ω2,ω3,ω4]
T


, u =


δ̇

Tu,1
Tu,2
Tu,3
Tu,4

 , (1)

whose relations are described in the following subsec-
tions.

2.1 World Model

The vehicle traverses in a global coordinate system with
position (Xp,Yp), and orientation ψ according to

ψ̇ = r, (2)
Ẋp = vx cos(ψ)− vy sin(ψ), (3)
Ẏp = vx sin(ψ)+ vy cos(ψ), (4)
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where the vehicle states are defined in Figure 1 with the
angular velocity r, the longitudinal velocity vx, and the
lateral velocity vy.

vx

vy

θ

r

δ

δ
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vy,1

vy,2
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vy,4
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Figure 1. Double-track vehicle model.

2.2 Wheel and Tire Model

Counted from the front left wheel to the rear right
wheel, the vehicle has four wheels denoted with sub-
script i∈ {1,2,3,4}. The velocity of each wheel in their
local coordinate system, (vx,i,vy,i), is described by[

vx,i
vy,i

]
=

[
cos(δi) sin(δi)
−sin(δi) cos(δi)

]([
vx
vy

]
+ r
[

ly,i
lx,i

])
, (5)

where subscript i denotes the corresponding wheel, δi is
the wheel angle in relation to the chassis, and (lx,i, ly,i)
is the position of the wheel relative to the vehicle center
of mass. The angle of the two wheels on the front axle
is defined by the steering angle δ according to δ1 =
δ2 = δ , while the angles of the back wheels are constant
δ3 = δ4 = 0.

The wheel dynamics are given by

Ti = Iwω̇i +RwFx,i, (6)

where Ti is the applied driving or braking torque of
wheel i, Iw is the wheel inertia, Rw is the wheel radius,
and Fx,i is the longitudinal force from the tire traction.
The braking of each wheel is individually actuated by
an input torque Tu,i through a first-order system

γT Ṫi +Ti = Tu,i, (7)

where γT is a time constant.
The slip angles αi and slip ratios κi are defined ac-

cording to [7],

σ

vx,i
α̇i +αi =−arctan(

vy,i

vx,i
), (8)

κi =
Rwωi− vx,i

vx,i
, (9)

where σ is the relaxation length, Rw is the wheel radius,
and ωi is the angular velocity of the wheel. The longi-
tudinal forces Fx,i and lateral forces Fy,i of the tires are

modeled using Pacejka’s Magic Formula with weight-
ing functions [7] and are given by

Fx0,i = µx,iFz,i sin(Cx,i arctan(Bx,iκi

−Ex,i(Bx,iκi− arctan(Bx,iκi))), (10)
Hxα,i = Bx1,i cos(arctan(Bx2,iκi)), (11)
Gxα,i = cos(Cxα,i arctan(Hxα,iαi), (12)

Fx,i = Gxα,iFx0,i, (13)

Fy0,i = µy,iFz,i sin(Cy,i arctan(By,iαi

−Ey,i(By,iαi− arctan(By,iαi))), (14)
Hyκ,i = By1,i cos(arctan(By2,iαi)), (15)
Gyκ,i = cos(Cyκ,i arctan(Hyκ,iκi), (16)

Fy,i = Gxα,iFy0,i, (17)

where Fz,i are the normal forces on each wheel, B, C and
E are model parameters, and µx and µy are the friction
coefficients.

2.3 Chassis Model

The force and moment equilibria are given by (see, e.g.,
[6])

Fx =
4

∑
i=1

Fx,i cos(δi)−Fy,i sin(δi), (18)

Fy =
4

∑
i=1

Fx,i sin(δi)+Fy,i cos(δi), (19)

Mz =
4

∑
i=1

[
lx,i ly,i

][Fx,i sin(δi)+Fy,i cos(δi)
Fy,i sin(δi)−Fx,i cos(δi)

]
. (20)

A summary of the motion equations of the chassis,
derived in [6] are given below. The reader is referred to
the technical report for further details. The translational
motion equations can be written as

v̇x− vyr =
Fx

m
+ fx(r, ṙ,φ , φ̇ , φ̈ ,θ , θ̇ , θ̈), (21)

v̇y + vxr =
Fy

m
+ fy(r, ṙ,φ , φ̇ , φ̈ ,θ , θ̇ , θ̈), (22)

where fx(·) and fy(·) are contributions from the roll and
pitch dynamics. The rotational dynamic equation for r
is given by

ṙIr(θ ,φ) = Mz + τr(Fx,Fy,φ ,θ), (23)

where Ir(·) is the moment of inertia associated with r,
and τr(·) is the additional external torques from the de-
flection of the center of mass of the chassis. The dy-
namic pitch equation is given by

θ̈ Iθ (φ)+Dθ θ̇ +Kθ θ = τθ (Fx,φ ,θ)+νθ (r,φ , φ̇ ,θ , θ̇),
(24)

where Iθ (·) is the moment of inertia associated with θ ,
Dθ θ̇ + Kθ θ models a spring-damper system, τθ (·) is
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external torques, and νθ (·) is the lower-order inertial
terms. The dynamic roll equation is given by

φ̈ Iφ (φ ,θ)+Dφ φ̇ +Kφ φ = τφ (Fy,φ ,θ)+νφ (r,φ , φ̇ ,θ , θ̇),
(25)

where Iφ (·) is the moment of inertia associated with φ ,
Dφ φ̇ + Kφ φ models a spring-damper system, τφ (·) is
external torques, and νφ (·) is the lower-order inertial
terms.

The vertical force equilibrium is given by

Fz,1 +Fz,2 +Fz,3 +Fz,4 = mg. (26)

The lateral load-transfer dynamics are given by

−(ly,1Fz,1 + ly,2Fz,2) = Kφ φ/2+Dφ φ̇/2, (27)

−(ly,3Fz,3 + ly,4Fz,4) = Kφ φ/2+Dφ φ̇/2. (28)

Finally, the longitudinal load-transfer dynamics are
given by the relation

4

∑
i=1

lx,iFz,i = Kθ θ +Dθ θ̇ . (29)

The numerical model parameters employed in the chas-
sis and tire models are detailed in [2].

3 SCENARIOS

This section presents the maneuvering scenarios con-
sidered in this paper.

3.1 Left-Hand Turn Scenario

The first scenario considered is a left-hand turn. Ini-
tially, the vehicle starts at (Xp,Yp) = (0,−30) m. The
deviation from the center line of the road lane is com-
puted as

e =
√

X2
p +Y 2

p −R, (30)

where R is the radius of the turn. A lane constraint is
introduced as

|e| ≤ emax, (31)

where emax is the half-width of the lane. The vehicle is
considered to have regained control (and thus the ma-
neuver is completed) when the deviation starts to de-
crease, i.e., when ė≤ 0.

3.2 Double Lane-Change Scenario

The second scenario considered is a double lane-change
situation. The track is modeled by defining maximum
and minimum limits on the position Yp that varies with
the vehicle position Xp. This modeling introduces the
following lane constraints in the optimization:

Yp ≤ Yt(Xp), (32)
Yp ≥ Yb(Xp), (33)

where Yt is the top border and Yb is the bottom bor-
der. Each border is modeled using two step-functions
according to

Yt(Xp) = a+ c(H(Xp−Xt1)−H(Xp−Xt2)), (34)
Yb(Xp) =−a+ c(H(Xp−Xb1)−H(Xp−Xb2)), (35)

where a, c, Xt1, Xt2, Xb1, and Xb2 are track parameters
and H is the Heaviside step-function. The step-function
is, for numerical computation reasons in the optimiza-
tion, approximated as

Hsoft(x) = 0.5
(

1+ tanh
(

2πx
τ

))
, (36)

where τ is a parameter that determines the rise time
of the step approximation. The track parameters are
inspired by the ISO 3888 standard for a double lane-
change maneuver, with some simplifications such as
making all sections 3 m wide. In the official standard,
the car has to pass between cones without moving them.
To approximate this situation, while keeping the param-
eterization simple and only constraining the center of
mass (Xp,Yp), the size of the drivable area is made more
narrow to account for the width of the car frame. The
track is illustrated in the upper plot in Figure 3, where
the more narrow borders are marked in red. The param-
eters used for the track are collected in Table 1.

Table 1.
Parameters used for the double lane-change track.

All of the parameter units are in meter.

A 12
B 13.5
C 11
D 12.5
E 12
wlane 3
wcar-frame 1.7
τ 2
a (wlane +wcar-frame)/2
c wlane +1
Xt1 A+ τ/2
Xt2 A+B+C+D− τ/2
Xb1 A+B− τ/2
Xb2 A+B+C+ τ/2

3.3 Avoidance-Maneuver Scenario

The track used for modeling of the double lane-change
scenario is also used to examine an avoidance scenario.
The two scenarios in the same track differ only with
regard to the constraint on the final state. While the
double lane-change takes place on the complete track
with two turns, the avoidance scenario only lasts until
the initial obstacle has been avoided.
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4 OPTIMAL CONTROL PROBLEM

To investigate the braking patterns under different con-
ditions in the considered scenarios, an optimal control
problem (OCP) was devised and subsequently solved.
The optimization criterion was chosen as a weighted
sum of the velocity when entering the maneuver and
the velocity when exiting the same, to parameterize the
trade-off between all-wheel braking and yaw-moment
control. The initial-velocity criterion puts the vehicle
in at-the-limit behavior, where road and vehicle con-
straints are the only limiting factors. For the final-
velocity criterion, the initial velocity is still of im-
portance, but apart from constraints there is an added
penalty for decreasing the velocity.

Constraints on the control inputs u, i.e., the wheel
torques Tu,i and steering angle δ , were introduced. The
OCP over the time interval [t0, t f ] is stated mathemati-
cally as:

minimize −ηv0− (1−η)v f (37)
subject to Tu,i,min ≤ Tu,i ≤ 0, i ∈ {1,2,3,4}, (38)

|δ | ≤ δmax, |δ̇ | ≤ δ̇max, (39)
Fcx(0) = x0, Gcx(t f ) = x f (40)
f (Xp,Yp)≤ 0, (41)
ẋ = G(x,y,u), h(x,y,u) = 0, (42)

where 0 ≤ η ≤ 1, v0 = v(t0) is the initial velocity,
v f = v(t f ) is the final velocity, Fc a matrix with zeros
and ones defining which states that have initial con-
ditions, x0 is the initial conditions, Gc a matrix with
zeros and ones defining the states where terminal con-
straints exist, x f is the desired final states, and f (Xp,Yp)
is the lane constraint for the vehicle position (Xp,Yp) in
a global coordinate system. Note that changing only
the single parameter η describes the full range of this
optimization criterion that leads to the observations pre-
sented in Section 5. The chassis and tire models are for-
mulated as a semi-explicit differential-algebraic equa-
tion (DAE) system, defined by the functions G and h,
where y denotes the outputs. At the start of the maneu-
ver, v0 is a free parameter; the maneuver is terminated
once the final state defined by x f is reached.

Since numerical solutions for the OCP are in-
tractable, direct collocation [9] was used to transform
the problem into discrete time, resulting in a large non-
linear program (NLP) to be solved numerically. To this
purpose, the optimization framework JModelica.org
[10] was used together with the NLP-solver IPOPT [11]
integrated with the linear solver HSL MA57 [12]. For
further details regarding the overall solution method-
ology employed for the particular vehicle and chassis
models, the reader is referred to [8].

5 RESULTS & DISCUSSION

The OCP defined in Section 4 was solved with varying
weight η , with the initial guess in the iterative numeri-
cal optimization set to 50 km/h for v0 and 4 s for t f . No
initialization of the trajectories of the model variables
was required to solve the OCP. Note that the selection
of the set of weights η for which the OCP was solved, is
different for the three scenarios considered, the reason
being to ensure that each scenario exhibits a variety of
braking behaviors. In order to avoid unnecessary con-
trol actuation with the steering input, a small weight on
the derivative of the steering angle is added by intro-
ducing the term 10−4 ∫ t f

0 δ̇ (t)2 dt in the cost function of
the OCP. The leading constant is small enough, so as to
not influence any examined quantitative or qualitative
measures of the maneuvers.

5.1 Additional Evaluation Measures

The body slip β of the vehicle is used to evaluate the
behaviors in the maneuvers, and this quantity is given
by

β = arctan
(

vy

vx

)
. (43)

Given the definition of the body slip, the force perpen-
dicular to the direction of travel and path, F⊥, is given
by

F⊥= Fy cos(β )−Fx sin(β ). (44)

The contribution to the yaw moment from the applied
braking forces on a single wheel is given by the contri-
bution of the longitudinal force together with the loss of
lateral force due to longitudinal slip,

∆Mi =
[
lx,i ly,i

][Fx,i sin(δi)+(Fy,i−Fy0,i)cos(δi)
(Fy,i−Fy0,i)sin(δi)−Fx,i cos(δi)

]
.

(45)
It is assumed that the braking forces of the wheels on
the left side of the vehicle give a contribution to the mo-
ment toward the left, and the wheels on the right side
similarly give a contribution toward the right. It is also
interesting to study the total contribution from the brak-
ing forces of all wheels. The braking moments that will
be studied in the analysis of the maneuvers are thus:

∆Mleft = ∆M1 +∆M3, (46)
∆Mright = ∆M2 +∆M4, (47)

∆M = ∆Mleft +∆Mright. (48)

5.2 Left-Hand Turn

The left-hand turn scenario is examined for a road ra-
dius of 30 m and a lane-width of 2 m. Figure 2 illus-
trates the scenario with a vehicle entering a turn at a
velocity computed as the solution of the OCP, and se-
lected vehicle trajectories are plotted for different val-
ues of the weight η . In the upper plot, the geometry

Fors



of the left-hand turn is plotted together with the vehi-
cle paths, where dots mark the final vehicle positions.
Since the vehicle slips further and further toward the
edge of the lane during the maneuver, the curvature of
the minimum required vehicle path to avoid leaving the
lane increases.

Table 2 shows the initial velocity, the final velocity,
and the resulting value of the cost function (37) in the
OCP more clearly for each η . As can be observed in
the differences in velocity trajectories v for the different
optimal solutions, a higher entrance velocity requires
significantly more braking action during the maneuver.
With a higher initial velocity v0, the vehicle is subject
to more lateral slip, and thus the vehicle path will have
a higher final curvature. The final velocity v f is lim-
ited by the available lateral tire forces and the maximum
curvature of the vehicle path. Applying heavy braking
forces to reduce the velocity, of course, produces even
more lateral slip.

Table 2.
Results for the left-hand turn scenario with
variations of η , where J is the value of the

optimization criterion in (37).

η v0 [km/h] v f [km/h] J [km/h]
1 65.6 47.7 65.6

2/3 65.1 50.5 60.2
1/2 64.5 51.4 57.9
1/6 62.1 52.4 54.0
0 60.7 52.6 52.6

Moreover, in Figure 2 it can be observed in the plot of
the steering angle δ that the steering rate δ̇ is in all cases
saturated from the start of the maneuver until t ≈ 0.25 s.
Lateral tire forces may also be delayed as a result of
the relaxation length of the tires, see the relation (8).
This behavior tells us that additional turn-in moment
most likely would be beneficial. The moment ∆M re-
sulting from the applied braking torques on the wheels
is thus of interest. Depending on the weights in the cost
function of the optimization, ∆M is either a turn-in mo-
ment, a turn-out moment, or its sign varies with time.
Note that the total moment Mz is for all cases primar-
ily a turn-in moment. The moment from the applied
braking torques is further split into two parts, depend-
ing on which side of the vehicle they act on. Torques
applied to the outer wheels produce a turn-out yaw mo-
ment ∆Mright that is heavily dependent on the initial ve-
locity. For η = 1/6, there is even a different strategy
where the solution seems to wait for the turn-in mo-
ment to build up before applying any braking torques
on the outer wheels. For η = 0, similar to a traditional
yaw-control strategy, no torque is applied on the outer
wheels.

Torques applied on the inner wheels produce the mo-
ment ∆Mleft. This turn-in yaw moment can be seen to

be significantly independent of the initial velocity, only
when the vehicle starts to experience over-steer the so-
lutions are different. The peak observed in the plot of
∆Mleft in Figure 2 is limited by the available longitudi-
nal friction forces of the tires. The rise and sink times of
the peak are limited by the first-order dynamics between
the commanded and the actual wheel torque. A cost that
comes with applying more braking forces in addition to
generating a turn-out moment is that there are less lat-
eral forces available, which can be seen in the plot of
the force lateral to the path, F⊥, in Figure 2. As the ve-
hicle is subject to oversteering most of the time during
the maneuver, the additional turn-out moment does help
to contribute to a lower body slip β .

5.3 Double Lane-Change

The double lane-change scenario is examined for the
parameters given in Table 1, with the initial position
of the vehicle being (Xp,Yp) = (10,0) m, and the fi-
nal position (Xp,Yp) = (61,0) m. Figure 3 illustrates
the situation considered, with selected vehicle trajecto-
ries plotted for different values of the weight η . In the
upper plot, the double lane-change track is plotted to-
gether with the vehicle paths for the respective value of
the weight. The road edges are plotted in black, while
the road constraints that take the vehicle width into ac-
count are plotted in red. The path for η = 0 does not
touch the upper boundary during the middle section of
the track and is thus only limited by the road constraint
at Xp = 25.5 m and 49 m.

Table 3 shows the initial velocity, the final velocity,
and the resulting value of the cost function (37) in the
OCP for each η . Observing the velocity v and the per-
pendicular force F⊥ in Figure 3 closer, the final velocity
seems to be restricted by the right-hand turn at around
t ≈ 1.5–2 s. At that time the perpendicular force is
the limiting quantity and for the rest of the maneuver,
the decrease in velocity is minor. During the initial left
turn, the body slip β is primarily negative, which cor-
responds to an oversteer behavior. At the second turn
to the right, the solutions obtained for all weights but
η = 1 show an over-steer behavior in β , but where the
vehicle is driving very slowly.

Table 3.
Results for the double lane-change scenario with

variations of η , where J is the value of the
optimization criterion in (37).

η v0 [km/h] v f [km/h] J [km/h]
1 62.9 28.0 62.9

2/3 62.0 36.8 53.6
1/2 59.6 43.1 51.4
1/3 58.0 44.7 49.1
0 54.7 45.7 45.7
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Figure 2. Optimal trajectories for different weights η when entering a turn with radius 30 m and width 2 m:
v, vehicle velocity; δ , steering angle; F⊥, force perpendicular to direction of travel; β , body slip; Mz, total
moment; ∆M, moment resulting from braking torques; ∆Mleft, turn-in moment resulting from braking
torques; ∆Mright, turn-out moment resulting from braking torques.
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Figure 3. Optimal trajectories for different weights η when performing a double lane-change maneuver: v,
vehicle velocity; δ , steering angle; F⊥, force perpendicular to direction of travel; β , body slip; Mz, total
moment; ∆M, moment resulting from braking torques; ∆Mleft, turn-in moment resulting from braking
torques; ∆Mright, turn-out moment resulting from braking torques.
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From the plot of the steering angle δ in Figure 3, it is
clear that the steering rate δ̇ is saturated for a large part
of the maneuver before t = 1.5 s. During the first sec-
ond of the maneuver, the moments ∆M resulting from
the applied braking torques are very similar to those
in the left-hand turn in Figure 2. For the plotted solu-
tions with weights η ≥ 1/2, additional turn-in moment
is generated during the right turn by braking the wheels
on the right side of the vehicle, as can be seen in the
plot of ∆Mright. Further, in the plot of the optimal tra-
jectory for ∆Mleft with η = 1 in Figure 3, it can be seen
that the vehicle brakes the wheels on the left side during
the turn to the right. This behavior may be more or less
pronounced for values of η close to 1, since the final ve-
locity is only to a small extent, or not at all, penalized,
which in turn allows solutions with more or less braking
being fairly close in the value of the cost function in the
OCP.

5.4 Avoidance Maneuver

The avoidance-maneuver scenario is examined in the
same track as the double-lane change, using the param-
eters given in Table 1, with the same initial position
(Xp,Yp) = (10,0) m as in the double lane-change sit-
uation, but the final position chosen at the edge of the
first obstacle at Xp = 25.5 m without any specified Yp
coordinate. The upper plot in Figure 4 illustrates the
scenario considered, with the same track as in Figure 3,
but different resulting vehicle paths. In addition, se-
lected vehicle trajectories are shown.

Table 4 shows the initial velocity, the final veloc-
ity, and the resulting value of the cost function (37) in
the OCP for each η . Comparing with the double lane-
change maneuver in Table 3, the initial velocity v0 has
increased, significantly so for low weights η . With a
lower velocity difference, the differences in the geomet-
ric paths are also smaller. Despite the higher approach
angle for the second turn, this observed behavior sug-
gests that for this specific track, braking strategies ob-
tained with high values of η are more resilient to future
road constraints.

Table 4.
Results for the avoidance-maneuver scenario with

variations of η , where J is the value of the
optimization criterion in (37).

η v0 [km/h] v f [km/h] J [km/h]
1 63.7 42.6 63.7

5/6 63.3 47.8 60.8
2/3 62.5 50.3 58.4
1/2 61.6 51.6 56.6
0 59.3 52.9 52.9

At the end of the maneuver, it can from the rapidly
decreasing steer angle δ and the negative total moment

Mz in Figure 4 be observed that for most of the solutions
obtained with different η , the vehicle reduces its turn-
ing rate. The reason may be to reduce the lateral force
by straightening out the path in order to maintain veloc-
ity. Comparing with the initial turn in the double lane-
change maneuver in Figure 3 and with the left-hand turn
in Figure 2, the striking similarities are clear.

5.5 Parameterization Behavior

In this section, implications on the braking behavior
from the optimization cost function in (37) are studied
in light of all the scenarios considered and some of the
related research.

Because of limited lateral forces, both velocity quan-
tities in the cost function are in all cases limited by the
turning radius, and will thus promote paths with a large
turning radius. Accelerating maneuvers are not covered
in this paper, but in [4] it is concluded that the max-
imum exit velocity case, η = 0 in the setting of this
paper, results in a maximum radius trajectory at the exit
of a turn. In the mirrored case for braking maneuvers
covered here, increasing the initial velocity requires a
larger turning radius at the beginning of the maneuver
before the vehicle has decreased its velocity sufficiently
much. In the case of a single turn as in Figures 2 and
4, the initially larger turning radius is penalized with a
smaller turning radius during the later part of the turn.
When also considering a subsequent right-hand turn in
a lane-change maneuver, constrained by a boundary re-
gion as in Figure 3, a large initial turning radius also
causes a smaller maximum turning radius during the
second turn.

For all the scenarios considered, it holds that with
η = 0 braking is only used to generate an initial turn-
in moment. After the initial phase, only steering ac-
tion is used. When increasing the weight η , more brak-
ing forces are added that contribute both to turn-in and
turn-out moments. For intermediate values of η , there
are solutions where the initial turn-in moment is kept,
and then changed to a turn-out moment later in the turn.
This is similar to how a yaw-control strategy may per-
form, with the difference that here these solutions mean
braking with wheels on both sides of the vehicle at the
same time.

For the scenarios considered in this paper, it can be
observed that to limit the body slip β using braking
forces it would be desirable to produce a turn-out mo-
ment, since in relation to β the vehicle oversteers. In
[2], [5], limiting the body slip is concluded to have a
small impact on the performance of a braking strategy
for a single-turn scenario. Low-braking strategies with
low values of η mostly utilize turn-in moment, which
stand in conflict with reducing the body slip β .
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Figure 4. Optimal trajectories for different weights η when performing an avoidance maneuver: v, vehicle
velocity; δ , steering angle; F⊥, force perpendicular to direction of travel; β , body slip; Mz, total moment; ∆M,
moment resulting from braking torques; ∆Mleft, turn-in moment resulting from braking torques; ∆Mright,
turn-out moment resulting from braking torques.
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6 CONCLUSIONS

In this paper, different braking patterns and behav-
iors in time-critical situations were investigated. The
cost function in the optimization was parametrized in a
weight η . For η = 1, solutions close to a pure lane-
keeping strategy are obtained—i.e., heavy braking on
all wheels to reduce the velocity given the available tire
friction. Decreasing the weight η , in contrast leads to
solutions closer to traditional yaw control, where the
majority of the braking is applied on the inner wheels
(see Figure 2). This behavior also holds true when in-
creasing the complexity of the maneuver (see Figures 3
and 4). From the investigated OCP formulation, the
benefits of a lane-keeping strategy are immediate, both
in terms of the maximum possible initial velocity and
the velocity reduction. It also provides an approach for
analyzing and understanding the relation between tra-
ditional yaw control and optimal lane-keeping for au-
tonomous vehicles, since it embeds these strategies as
the end-point values of the interpolation parameter, and
adds a continuous family of behaviors in between.
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